Abstract. We study the cardinality of the set of homeomorphism classes of manifolds homotopy equivalent to a given manifold M and compare it to the cardinality of the structure set of M .
Introduction
Let M be a closed connected topological n-manifold. We define its manifold set M(M), to be the set of homeomorphism classes of manifolds homotopy equivalent to M:
Here ≃ denotes a homotopy equivalence and ∼ = denotes a homeomorphism. We also define the simple manifold set M s (M) ⊂ M(M) where we require that N is simple homotopy equivalent to M and the s/h-manifold set, M s/h (M), which is the quotient of M s (M) where we replace homeomorphism by the relation of h-cobordism. Henceforth, for simplicity, we assume that M is orientable.
We have the inclusion M s (M) ֒→ M(M) and the surjection M s (M) → M s/h (M), both of which are bijections if the Whitehead group Wh(π 1 (M)) vanishes and n ≥ 5. In Section 2 we give more details on various versions of the manifold set and relations between them.
The computation of the simple manifold set typically proceeds via surgery theory where one first computes the simple structure set of M,
which is the set of simple homotopy equivalences from a closed topological n-manifold N to M, up to s-cobordism in the source (see Section 2 for more details). The simple structure set of M with π = π 1 (M) and n ≥ 5 lies in the surgery exact sequence
which we recall in Section 2 and which is an exact sequence of abelian groups and homomorphisms. Thanks to the s-cobordism theorem the simple structure set maps onto the simple manifold set by the forgetful map
which descends to define a bijection
where sAut(M), the group of homotopy classes of simple homotopy automorphisms of M, acts on the structure set via post-composition,
There is also a similar h-decorated surgery exact sequence where the structure set S h (M) consists of h-cobordism classes of homotopy equivalences f : N → M; again see Section 2 for details. When Wh(π) = 0 we simply write S(M) in place of S s (M) = S h (M). There are well-developed tools for studying S s (M) which have lead to the computation of S s (M) in many examples. In this paper we consider the passage from S s (M) to M s/h (M). This can be a difficult problem to solve since the group sAut(M) and its action on S s (M) are in general complicated and the same holds for the map M s (M) → M s/h (M). To keep the discussion tractable we shall focus on the relative cardinalities of S s (M) and M s/h (M). For a set S, we let |S| denote the cardinality of S and pose the following question: Remark 1.3. Theorem 1 of [CW03] is stated using M s (M) but the invariant which they use is an h-cobordism invariant and so Theorem 1.2 follows immediately.
For the manifolds appearing in Theorem 1.2 the action of L s n+1 (Zπ) on S s (M) has infinite orbits which remain infinite when mapped to M s/h (M). In contrast, our first two main results concern the case when the image of η : S h (M) → N (M) is infinite. In many situations we show that |η(S h (M))| = ∞ implies that |M s/h (M)| = ∞. The invariants γ(N) we use are elementary and are derived from the Hirzebruch L-classes of N as follows.
Recall that the Hirzebruch L-polynomial L k , is a degree k rational polynomial in the Pontryagin classes and let c k be the least common multiple of the absolute values of the denominators of the coefficients in
where F H i (X; Z) := H i (X; Z)/tors denotes the free part of the cohomology of a space X and by a lattice we simply mean a finitely generated free abelian group. For topological manifolds there are rational Pontryagin classes p k (M) ∈ H 4k (M; Q) and we have a rational equivalence of classifying spaces BSO → BSTOP, see [KS77, Annex 3, section 10], [Nov66] . For each i > 0 fix the smallest positive integer t i > 0 such that for any M
and define t k to be the least common multiple of the t i with i < k. We define
and for f : N → M representing an element in S(M) we define
In Section 3 we verify that the sending a manifold structure [f :
is infinite if and only if S(M) is infinite. In such a case for some 0 < 4k < n the set div k (M(M)) is infinite.
Since the normal invariant map η is injective when M is simply-connected, Theorem 1.4 implies the following statement:
Our next main result shows that the obvious modification of this statement continues to hold in many situations when π 1 (M) = {e}. The proof proceeds by extending the arguments using the divisibility of the Hirzebruch L-class from the proof of Theorem 1.4. Theorem 1.5. Suppose n ≥ 5 and |η(S h (M))| = ∞. Then |M s/h (M)| = ∞ if any of the following conditions hold:
(1) M is homotopy equivalent to a manifold M ′ whose stable tangent bundle is trivial; (2) For some 0 < 4k < n there exist non-zero sublattices
The group π = π 1 (M) satisfies n-dimensional Poincaré duality and for the classifying map c : M → Bπ of the universal cover of M the induced map satisfies c * ([M]) = 0 ∈ H n (Bπ; Q) and c * :
has |ker(c * )| = ∞.
Given Theorems 1.2, 1.4 and 1.5 one might wonder whether M s (M) is infinite whenever S s (M) is infinite. Our third main result, Theorem 1.6 below, shows this is not the case. We define manifolds M r,g as follows. Let T r = S 1 ×· · ·×S 1 be the r torus and let K ⊂ T r be the standard 2-skeleton, which is the union of all the co-ordinate 2-torii. For k ≥ 1, the complex K embeds into Euclidean space R 4k+3 . We let W K be a regular neighbourhood of such an embedding and define M r,0 := ∂W K to be the boundary of W K . For any non-negative integer g we then define
to be the connected sum of M r,0 and g copies of S 2k+1 × S 2k+1 . To state our results for the manifolds M r,g we use the following variant of the manifold set where an identification π 1 (M) = π is fixed. Let sAut π (M) ⊂ sAut(M) be the subgroup whose base-point preserving representatives induce the identity on π 1 (M). We define the simple π 1 -polarised manifold set of M by setting
and note there is a natural surjective forgetful map M
). Theorem 1.6. For all r ≥ 3 and g ≥ r+3, we have |S(M r,g )| = ∞ but |M π (M r,g )| = 1.
1.1. The smooth manifold set. Of course the manifold set may also be defined in the smooth category. For a smooth manifold M α we define its smooth manifold set to be the set of diffeomorphism classes of smooth manifolds homotopy equivalent to M α :
Diff,π are defined analogously to the topological variations. The simple smooth manifold set is frequently computed as the quotient of the smooth structure set
is the set of simple homotopy equivalences f : N β → M α up to smooth s-cobordism. For example, if n ≥ 5 and Σ α ≃ S n is a homotopy n-sphere, then
where Θ n is the Kervaire-Milnor group of oriented homotopy n-spheres [KM63] and the group Z/2 = {±1} acts on Θ n by reversing orientation. There is a forgetful map
, where M is the topological manifold underlying M α and we also write div k : S Diff (M α ) → N for the composition of the forgetful map and div k : S(M) → N. The following result is the smooth analogue of Theorem 1.4. Theorem 1.7. If π 1 (M α ) = {e} and n ≥ 5 then M Diff (M α ) is infinite if and only if S Diff (M α ) is infinite. In such a case for some 0 < 4k < n the set div k (S Diff (M α )) is infinite. We turn our attention back to the manifolds M r,g . Note that in the definition of M r,g , if we take the regular neighbourhood W K to be a smooth regular neighbourhood then the manifolds M r,g acquire smooth structures, which we denote by M r,g,α . For the following theorem, which is a smooth refinement of Theorem 1.6, recall that bP n+1 ⊂ Θ n denotes the subgroup of homotopy n-spheres bounding parallelisable manifolds. Theorem 1.9. Let s := C r 2 . For all r ≥ 3 and g ≥ r+3, we have |S
In this subsection we briefly mention other work related to manifold sets and pose two questions. This discussion is by no means an exhaustive review of the literature relevant to manifold sets.
In [KL09] Kreck and Lück studied various forms of rigidity for non-aspherical manifolds and defined a Borel manifold to be a manifold M such that for every homotopy equivalence f : N → M there is a homeomorphism h : N → M which induces the same map on fundamental groups as f . In the notation of this paper, if Wh(π 1 (M)) = 0 then M is Borel if and only if |M π (M)| = 1. In particular, Theorem 1.6 states that M r,g is Borel when r ≥ 3 and g ≥ r+3. Kreck and Lück found many examples of non-aspherical Borel manifolds and identified a general criterion [KL09, Theorem 0.21] for a manifold M to be Borel. This criterion led us to think about im(η) in this paper.
We have already mentioned the work of Chang and Weinberger [CW03] . Recently, in [WY15] Weinberger and Yu extended the results of [CW03] . Working with oriented manifolds M, they defined the reduced structure group of M, S(M), to be the quotient of S(M) by the group generated by elements of the form [f :
where g : M → M is an orientation preserving self homotopy equivalence; i.e. S(M) is the group of co-invariants of the action of orientation preserving homotopy self homotopy equivalences on S(M). Defining the oriented manifold set of M, M + (M), in the obvious way, we have the following diagram of implications
Under general conditions on π 1 (M), including when π 1 (M) is a non-trivial finite group Weinberger and Yu proved that S(M) is infinite [WY15, Theorem 3.9] if n = 4k−1 ≥ 7. See Example 3.9 for an elementary example where | S(M)| < ∞ but |M(M)| = ∞. Even more recently Weinberger, Xie and Yu [WXY17] studied the group of coinvariants of a different but related action of the group or orientation preserving self-homotopy equivalences on S(M) (it arises via the surgery composition formula of Ranicki [Ran09] ) and prove that this group of coinvariants is infinite if π 1 (M) contains torsion and if n = 4k − 1 ≥ 7.
In [Kha17] Khan studied the manifold set in the case M = S 1 × L, where L belongs to a certain class of lens spaces and showed that |M(
. Also Jahren and Kwasik studied the manifold set of S 1 × RP n and showed that M(S 1 × RP n ) is infinite if and only if n ≡ 3 mod 4, [JK11, Theorem 1.4]. The action of the L-group on the structure set also often has infinite orbits when N = N 0 ♯N 1 is the connected sum of manifolds, each of which has non-trivial fundamental group. If n ≥ 3 then π = π 1 (N) is the amalgamated product of π 1 (N 0 ) and π 1 (N 1 ) and this frequently leads large UNil-terms in the L-groups. In [BDK07] Brookman, Davis and Khan computed the (oriented) manifold set of RP n #RP n and showed in particular that it is infinite if n ≥ 4 is even, with the infinite size being due to the action of UNil-terms in the L-group. An interesting feature of UNil-groups is that they are infinitely generated whenever they are non-zero. In contrast to this, the normal invariants are always finitely generated since they are computed by a generalised (co)-homology theory with finitely generated coefficients in each dimension.
In the simply-connected case, Madsen Taylor and Williams [MTW80] studied the subset of the manifold set of M defined by the manifolds which are tangentially homotopy equivalent to M. This tangential manifold set is finite and the authors were concerned with estimating its size.
We conclude with two open questions related to the manifold set, the second of which was posed to us by Shmuel Weinberger. The rest of this paper is organised as follows. In Section 2 we review the surgery theory we need later. Section 3 contains the proofs of Theorem 1.4 and 1.7, Section 4 the proof of Theorem 1.5 and Section 5 the proofs of Theorems 1.6 and 1.9.
Acknowledgements: We would like to thank Jim Davis, Wolfgang Lück and Shmuel Weinberger for helpful and stimulating conversations.
Surgery preliminaries
In this preliminary section we recall the surgery exact sequence and some related concepts from surgery theory. We shall assume that all manifolds have dimension n ≥ 5. The main references are [Wal99] , [Ran92] and [Lüc02] .
We already recalled the simple structure set S s (M) of a closed n-dimensional topological manifold M in the introduction informally. To be more precise recall that its elements are represented by simple homotopy equivalences f : N → M and two such f 0 : N 0 → M and f 1 : N 1 → M are equivalent if there exists an s-cobordism W between N 0 and N 1 together with a simple homotopy equivalence F : W → M × [0, 1] which restricts at the two ends to f 0 and f 1 respectively. Due to the s-cobordism theorem, see e.g. [Lüc02, Chapter 1], the relation of s-cobordism can be replaced by that of homeomorphism.
There is also an h-decorated structure set S h (M) of M whose elements are represented by homotopy equivalences f : N → M where N is another closed n-dimensional topological manifold and two such f 0 : N 0 → M and f 1 : N 1 → M are equivalent if there exists an hcobordism W between N 0 and N 1 together with a homotopy equivalence F : W → M ×[0, 1] which restricts at the two ends to f 0 and f 1 respectively. If π 1 (M) = {1} then due to the h-cobordism theorem, see e.g. [Lüc02, Chapter 1], the relation of the h-cobordism can be replaced by the condition that there exists a homeomorphism h : N 0 → N 1 such that f 1 •h ≃ f 0 . Due to the s-cobordism theorem this also holds whenever the Whitehead group Wh(π 1 (M)) vanishes, see e.g. [Lüc02, Chapter 2].
In general there is a forgetful map S s (M) → S h (M) which fits into the so-called Rothenberg sequence, where the third term is 2-torsion and depends on various Whitehead groups from algebraic K-theory, see e.g. [Ran92, Appendix C].
As we noted in the introduction, the main tool for calculating the simple structure set S s (M) of an n-dimensional manifold M with π = π 1 (M) where n ≥ 5 is the surgery exact sequence (1.1)
Here N (M) are the normal invariants of M, which can be defined as a bordism set of degree one normal maps (f, f ) : N → M from n-dimensional manifolds N to M. The symbol f denotes a stable bundle map ν M → ξ which covers f for some stable topological R k -bundle ξ over X. The main point is that the normal invariants are calculable, they form a generalized (co-)homology theory, a fact which we will see later more concretely. The map η is more or less obvious, it is obtained by pulling back the bundle data along the homotopy inverse of f .
The L s -groups are the surgery obstruction groups defined either using quadratic forms over f.g. free based modules over the group ring Zπ or using quadratic chain complexes of f.g. free based modules over Zπ. The surgery obstruction map θ and the Wall realization map ω are designed to make the sequence exact.
There is also an h-decorated surgery exact sequence which calculates S h (M). In it, the L s -groups are replaced by the L h -groups defined using f.g. free Zπ-modules, but the normal invariants remain the same. The Rothenberg sequences as in [Ran92, Appendix C] quantify the difference between the s-decorated and h-decorated sequence.
In [Wal99] the sequence (1.1) is constructed as an exact sequence of pointed sets. However, it can be made into an exact sequence of abelian groups by identifying it with the algebraic surgery exact sequence of [Ran92] which is the bottom row of the following diagram:
In the algebraic surgery exact sequence all entries are abelian groups and all maps are homomorphisms by definition. In fact all the terms are defined as L-groups of certain categories, but we will not need this fact. In [Ran92, Theorem 18.5] it is shown that the vertical arrows are bijections and in this way the abelian group structures are obtained in the top row. We will need that the term which is in bijection with the normal invariants is the homology of M with respect to the 1-connective cover L • 1 of the L-theory spectrum associated to the ring Z. We will also need some properties of the assembly map asmb M . This is an important map, we note for example that the influential Novikov conjecture asserts that this map is always rationally injective. Various assembly maps including this one have been intensively studied in recent years, see for example [LR05] for an overview of the subject. Furthermore the algebraic surgery exact sequence can be defined for any simplicial complex K in the place of M and it is covariantly functorial. Hence for our M with the classifying c : M → Bπ we have a commutative diagram
An essential point for us is the calculability of the normal invariants. Note that we have
Hence from the Atiyah-Hirzebruch spectral sequence we obtain that the normal invariants
In fact this homology theory can be fully understood using singular homology and topological K-theory via the homotopy pullback square [Ran92, Remark 18.8]
However, we will mostly only use the rational information here. Note that by [Ran92, Remark 18 .4] we have the isomorphism
which is given by the formula
where
is the Hirzebruch L-polynomial in Pontryagin classes of M. Let us now discuss the action of sAut(M) on S s (M) which we recalled in the introduction from the point of view of the previous remarks. Firstly note that we also have an action of sAut(M) on N (M) also essentially given by post-composition. More explicitly, we have
where f : ν M → ξ is the bundle map covering f and the bundle map g : ξ → (g −1 ) * ξ is obtained using a homotopy inverse g −1 : M → M of g. While S s (M) and N (M) both admit abelian groups structures, the actions above are not by automorphisms. Indeed in [Ran09] Ranicki proves a composition formula for these actions but we will not use Ranicki's formula here.
Next we shall discuss the versions of surgery which arise when we vary decorations. Let hAut(M) denote the group of homotopy classes of homotopy equivalences from M to M. It acts on the structure set S h (M) via post-composition:
In this context we have the h-decorated manifold set M h (M) whose elements are represented by manifolds N homotopy equivalent to M up to h-cobordism. It is related to the structure set S h (M) via the forgetful map and it is easy to see that it is in fact a bijection
The relations between the 4 manifold sets which we have defined in the introduction and here are that they fit into the following commutative square
(2.4)
If the Whitehead group Wh(π) vanishes, which is the case for example when π = {e} or when π = Z n , see [BHS64] , [Lüc02, Chapter 2], then all the maps are bijections but in general this may not be the case.
We conclude this preliminary section with a brief discussion of smooth surgery and its relationship to topological surgery. Let M α be a closed smooth n-manifold with n ≥ 5. The simple smooth structure set, S Diff (M α ) and the smooth normal invariant set N Diff (M α ) are defined analogously to their topological counter parts, using smooth manifolds and bordisms. Let M be the topological manifold underlying M α . There is a smooth surgery exact sequence for M α which maps forgetfully to topological surgery exact sequence for M, as shown below.
In the smooth category the normal invariants cannot be calculated via a generalised homology theory but are computed using a generalised cohomology theory via the bijection 
The main subject of this section it the proof of Theorem 1.4. The proof of the Theorem 1.7 is similar and is presented afterwards. We conclude the section with some examples of calculations of M(M).
We prefer to modify the statement of Theorem 1.4 a little and we prove the following theorem which implies the first statement of Theorem 1.4.
We give the proof of the second statement of Theorem 1.4 immediately after the proof of the first statement.
Theorem 3.1. Let M be an n-dimensional simply connected closed manifold with n ≥ 5. Then the following are equivalent:
(1) H 4i (M; Q) = 0 for some 0 < 4i < n;
Proof of (1) ⇔ (2). Since M is simply connected the surgery exact sequence for M simplifies to the short exact sequence 
As noted earlier we have the isomorphism
and in addition we know that in the case n = 4m the surgery obstruction map θ sends Proof of (3) ⇒ (2). Clear.
For the proof of (2) ⇒ (3) we need some preparation and therefore the proof itself is presented at the end of this section. In Definition 3.7 we shall construct for 0 < 4k < n such that H 4k (M; Q) = 0 a certain map, denoted
with the property that the value of div k (f ) for a manifold structure f : N → M only depends on N and not on f and then to show that the image of div k is infinite in Z. This clearly is enough. Let 0 < 4k < n be such that H 4k (M; Q) = 0 and consider the function
The values of L k depend on f and so it is not a good candidate for div k . Nevertheless it is a first step on the way towards it. We note that the function L k is a homomorphism of abelian groups. This follows from the identity
where pr k is the projection from i>0 H n−4i (M; Q) to H n−4k (M; Q) and the fact that (− ∩ [M]), pr k , L and η are all homomorphisms. Equation (3.1) in turn follows from the appropriate projection of the equation
The Hirzebruch L-class L k (−) ∈ H 4k (−; Q) is given as a rational linear combination of products of Pontryagin classes p i . Let c k be the lowest common multiple of the absolute values of the denominators of the coefficients in the expression defining L k (−). For example
and so c 2 = 45. For a space X let F H i (X; Z) := H i (X; Z)/tors denote the free part of the cohomology. Then for smooth manifolds M α the term L k (M α ) belongs to the lattice
, since for smooth manifolds the Pontryagin classes p k (M) ∈ H 4k (M; Z) are integral. For topological manifolds we have rational Pontryagin classes p k (M) ∈ H 4k (M; Q) and a rational equivalence BSO → BSTOP see [KS77, Annex 3, section 10], [Nov66] . It follows that for each k > 0 that there are universal positive integers t k > 0 such that
Setting t to be the lowest common multiple of the t i where 0 < 4i ≤ n we see that L k (M) belongs to the lattice
where by a lattice L we simply mean a finitely generated free abelian group
In the first version of this paper posted to the arXiv we made a mistake by omitting the factor t in the definition of r k .
Lemma 3.2. The image L k (S(M)) is a non-zero full sublattice of
Proof. We already have that L k is a homomorphism of abelian groups. As the image of finitely generated abelian group L k (S(M)) forms a lattice in H 4k (M; Q) whose values belong to (1/r k ) · F H 4k (M; Z). That it is a non-zero lattice follows from the isomorphism
We next show that it is a full sublattice. Before rationalising we still have the homomorphism (which might not be an isomorphism anymore)
given by the same formula
Denote
Consider the commutative diagram
Projecting to the summand (1/r k ) · F H n−4k (M; Z) ⊂ H 4k (M; Q) we obtain a full sublattice of (1/r k ) · F H n−4k (M; Z) and the lemma follows by the Poincaré duality isomorphism (1/r k ) · F H n−4k (M; Z) ∼ = (1/r k ) · F H 4k (M; Z).
In order to obtain the function div k from L k we recall the concept of divisibility for elements of lattices and establish some elementary properties of divisibility. Recall that a lattice is simply a finitely generated free abelian group. Definition 3.3. Let L be lattice. For x ∈ L − {0} define the divisibility of x, denoted by div(x) = d ∈ N, to be the largest number such that x = d · x 0 for some x 0 ∈ L. We set div(0) := 0.
Lemma 3.5. If L = {0} is a non-zero lattice, then the set {div(x) | x ∈ L} is infinite.
Since T is finite there are infinitely many primes p which are prime to |T |. Let p be such a prime. Since T ⊗ Z/p = 0, when we tensor the sequence above with Z/p we obtain an exact sequence
Hence we may find l p ∈ L 0 such that l 0 ≡ l p mod p. It follows that l 0 − l p ∈ L ′ is divisible by p and so p ∈ div(L ′ ). As there are infinitely many primes prime to the order of T we conclude that |div(L ′ )| = ∞.
For a manifold N we define L N := (1/r k ) · F H 4k (N) where r k is defined by the equation (3.2). We have
Proof of (2) ⇒ (3). A connection between L k and div k will be obtained via Lemma 3.6. Recall that for f : N → M representing an element in S(M) we have the isomorphism
Moreover, we can consider the full affine sublattice Conversely, suppose that S(M) is infinite. By Theorem 3.1 and its proof we know for some k with 0 < 4k < n that (1/r k ) · F H n−4k (M; Z) is non-zero and contains L k • η(S(M)) as a full affine sub-lattice. By a theorem of Weinberger [Wei90] ,
• F S is also a full affine sublattice of (1/r k ) · F H n−4k (M; Z) and so by Lemma 3.6 the set div k (S Diff (M α )) is infinite. This completes the proof.
We conclude this section with some examples of calculations of M(M).
Example 3.8 (The manifold set of CP n ). For n ≥ 3, the surgery exact sequence for CP n gives an isomorphism
The action of sAut(CP n ) = {±1} on S(CP n ) is identified with the sign action on this groups and hence there is a bijection
Example 3.9 (The manifold set of
) and assume g ≥ 1. Computing the surgery exact sequence of W g gives an isomorphism
. The intersection form of W g is canonically identified with H + (Z g ), the standard hyperbolic form on Z g and we identify
With this identification, the action of sAut(W g ) on S(W g ) factors over the action of the quasi-orthogonal group, O(g) ⋊ Z/2, on the set H + (Z g ). Indeed, there is a bijection
and by Theorem 1.4 the map div k : M(W g ) → N has infinite image. It is not hard to show that S(W g ), the reduced structure group of W g whose definition is recalled in Section 1.2, satisfies S(W g ) ⊗ Q = 0. Hence | S(W g )| < ∞, whereas |M(W g )| = ∞.
Conditions ensuring |M
In this section we prove Theorem 1.5. Comparing the cardinalities of S s (M) and M s/h (M) is more complicated when M is not simply-connected. Most importantly, for an n-dimensional manifold M with π = π 1 (M) and n ≥ 5 the surgery exact sequence (1.1) does not split into short exact sequences in general. The L-group L s n+1 (Zπ) may be infinite and the map ω may be injective on an infinite subgroup of L s n+1 (Zπ). In such a case we can have S s (M) infinite and M s (M) finite as is shown in the next section. However, we would still like to find conditions which guarantee that M
, and M h (M) as well, see (2.4)) when η(S s (M)) is infinite. In this case in Theorem 1.5 we offer three alternative additional assumptions each of which implies that M s h (M) is infinite when η(S s (M)) if infinite. We do not know whether they are also necessary.
A word about decorations is needed at this point. On one hand in the assumptions of Theorem we have |η(S h (M))| = ∞, on the other hand the conclusion is about the s/hdecorated manifold set M s h (M). We note firstly that the invariant div k (f ) is clearly an h-cobordism invariant, secondly that we have the commutative diagram
and thirdly the existence of the Rothenberg sequences of [Ran92, Appendix C]. The relative terms in the Rothenberg sequences are 2-torsion and N (M) is a f.g. abelian group. It follows that η(S s (M)) is a finite index subgroup of η(S h (M)). In the following we will therefore talk about η and im(η) and will mean either of the two possible maps depending on the context. The proofs of the respective items of Theorem 1.5 are similar to the proof of the implication (1) ⇒ (3) of Theorem 3.1. The main difficulties which force us to add further assumption are due to the fact that the surgery exact sequence is more complicated in the non-simply-connected case. For example even if we know that |im(η)| is infinite we were not able to find a lattice L ⊂ N (M) ⊗ Q and a non-zero lattice L ′ ⊂ im(η)/tors such that for some 0 < 4k < n the coset L k (M) + L ′ would be an affine full sublattice in L in general.
Proof of Theorem 1.5 (1). The surgery exact sequence is functorial for homotopy equiva-
Hence we obtain that im(L • η)/tors is a non-zero lattice in H as above and the divisibilities of its elements
Proof of Theorem 1.5 (2). In this case we have that L k (M) + L is an affine full sublattice of L ′ and for the divisibilities of its elements (f −1 ) * L k (N) with respect to the lattice (1/r k )·F H 4k (M; Z) we have that they do not depend on f . Since the lattice L ′ is non-zero it must contain an infinite number of divisibilities as must any of its affine full sublattices.
There are various ways to formulate Theorem 1.5 (3). Note that we want to obtain that the manifold set is infinite as a corollary of the fact that im(η) = ker(θ) is infinite and an additional assumption. However in practice it is difficult to decide when (f, f ) : N → M belongs to ker(θ). On the other hand we have that the surgery obstruction map factors through the assembly map for the fundamental group π via the homomorphism induced by the classifying map c : M → Bπ. Hence we have ker(c * ) ⊂ ker(θ) = im(η). Therefore in the following theorem we replace the condition |im(η)| = ∞ by | ker(c * )| = ∞. Alternatively we can assume that |im(η)| = ∞ and π satisfies the Novikov conjecture. Theorem 1.5 (3) follows from the following.
Theorem 4.1. If | ker(c * )| = ∞, the fundamental group π is a Poincaré duality group of dimension n and the classifying map c : M → Bπ has non-zero degree, then we have that
Proof. We use the following commutative diagram
The left vertical arrow is an isomorphism, the right vertical arrow is an isomorphism if deg(c * ) = 1 otherwise it is a composition of an isomorphism with a multiplication by deg(c * ) = 0 and hence injective with a finite cokernel.
The diagram induces a map ker(c * ) → F coker(c * ), where F coker(c * ) denotes the free part of the finitely generated abelian group coker(c * ), which is an isomorphism if deg(c * ) = 1 and if more generally deg(c * ) = 0 then the image is a full sublattice. Consider the projection proj :
Next we note that the map c * is equivariant with respect to the action of the homotopy automorphisms. Therefore we can take the divisibilities after the projection (that means in the lattice (1/r k ) · F coker(c * ))
which again do not depend on f . By previous discussion the elements from ker(c * ) form an affine full sublattice and hence we have an infinite number of their divisibilities.
Examples where |S(M)|
In this section we prove Theorems 1.6 and 1.9. The manifolds M r,g appearing in Theorem 1.6 were defined in the introduction and we begin by repeating their definition with some extra details.
Let T r = S 1 × · · · × S 1 be the r-torus for a positive integer r. For r = 1, we regard S 1 a CW -complex with one 0-cell and one 1. In general we regard T r as the product CW -complex and we let
be the 2-skeleton of T r . The complex K can also be defined as the union of all the co-ordinate 2-tori in T r . Let k ≥ 1 be an integer. Since K is 2-dimensional it can be embedded in R 4k+3 and we let W K ⊃ K be a regular neighbourhood. We note that the inclusion K ֒→ W K is what Wall calls the trivial thickening of K [Wal66, §3]. We define the closed (smooth, orientable) (4k+2)-manifold
to be the boundary of W . For an integer g ≥ 0 we have the closed smooth oriented
By construction the fundamental group of M r,g is identified with Z r by the following isomorphisms
Let Z[Z r ] denote the (untwisted) group ring of the group Z r and consider the following fragment of the surgery exact sequence for M r,g ,
where we have added subscripts to the surgery obstruction maps θ which indicate the dimension of the relevant manifolds. The proof of Theorem 1.6 follows quickly from the following three lemmas.
The proofs of these three lemmas require some preliminary results. The complex K is a 2-dimensional CW complex with r 1-cells, and s := C r 2 2-cells. We let i : K → T r be the inclusion and leave the reader to check the following simple lemma.
Lemma 5.4. For all j ≤ 2 the induced homomorphisms i * :
The next lemma describes the homotopy type and stable homotopy type of M r,g .
Lemma 5.5. There is a homotopy equivalence
and a stable homotopy equivalence M r,0 ∼ = V K ∪ id (−V K ) Since V is a stable thickening of K, the proof of [Wal66, Embedding Theorem, §2] shows that V has a handle decomposition with one j-handle for every j-cell of K. Hence M 0,r has a handle decomposition with one j-handle for every j-cell of K and one (4k+2 − j)-handle very every j-handle of K. This gives the required cell structure for M r,0 and it remains to show that the 4k-handles are attached trivially. To see this, we note that V K and W K are canonically homotopy equivalent to K and so the maps V K → M r,0 → W K define a homotopy retraction K → M r,0 → K. Since K is the 2-skeleton of M r,0 and it is a retract it follows that the 4k-cells are attached trivially. This proves the first part of the lemma for M r,0 . The first part of the lemma for M r,g follows immediately from the standard cell decomposition of ♯ g (S 2k+1 × S 2k+1 ) and properties of the connected sum operation. The stable homotopy type of M r,g is clearly that of M r,0 wedge 2g copies of S 2k+1 . To determine the stable homotopy type of M r,0 we consider the co-fibration sequence
Since K → M r,0 admits a retraction, standard arguments show that M r,0 has the stable homotopy type of the wedge of K and M r,0 /K:
As K is the 2-skeleton of T r there is a stable equivalence K ∼ (∨ r S 1 ) ∨ (∨ s S 2 ). Moreover, there is a homotopy equivalence M r,0 /K ≃ V K /∂V K and since V K is a regular neighbourhood of an embedding K ֒→ R 4k+2 it follows that V /∂V is a model for the S-dual of K + , the space K with an additional disjoint base-point. The proof is analogous to the proof of Milnor-Spanier for manifolds [MS60] . It follows that there is a stable equivalence
and the lemma follows.
Next we recall Shaneson's computation of the relevant L-groups of Z[Z r ].
The following lemma proves Lemma 5.1.
Lemma 5.7. The surgery exact sequence for M r,g reduces to a short exact sequence
where Z u ∼ = im(ω) and (Z/2) s ∼ = ker(η).
Proof of Lemma 5.3. 
. Since M r,g is a smooth manifold and Wall realisation is a smooth operation, we shall work in the smooth category and show that ρM r,g is diffeomorphic to M r,g . The definition of Wall realisation ensures the M r,g and ρM r,g are stably diffeomorphic; i.e. there is a diffeomorphism
for some non-negative integer t. Remark 5.9. For certain finite abelian groups T , we believe the arguments above can be adapted to find manifolds M in all even dimensions 2j ≥ 6 where 2j ≡ 0 mod 8, with π 1 (M) = Z × T and |S s (M)| = ∞ but |M s π (M)| < ∞. Whether there are odd-dimensional or 8j-dimensional manifolds M with this property is an interesting question.
We conclude with the proof of Theorem 1.9 for which we require a preparatory lemma. For k ≥ 0 denote by π Proof of Theorem 1.9. The proof of is very similar to the proof of Theorem 1.6. We discuss the modifications needed in the smooth case and specifically the smooth versions of Lemmas 5.1, 5.2 and 5.3. Consider the following commutative diagram relating the smooth and topological surgery exact sequences for M r,g,α .
N Diff (M r,g,α ) . We compute the normal invariants using the fact from Lemma 5.5 that M r,g has the stable homotopy type of a wedge of spheres and (2.6). We obtain a commutative diagram, Since the space TOP/O is 6-connected [KS77, Essay V.5], we also have that the map π 4 (G/O) → π 4 (G/TOP) is injective. The points above combine to complete the proof.
